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Budget Feasible Procurement Auctions

An auctioneer with a budget 𝐵 > 0 is 
looking to hire a subset of 𝑛 strategic 
agents.
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Question [Singer ’10]: Who should the auctioneer 
hire and how much should he pay (keeping in 
mind his budget 𝐵)?

Multiple Levels of Service Model (MLoS):

Agents can offer 𝑘 levels of service. 

References

I want to 
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My value for 
the service of 
agent 𝑖 is 𝑣!.

I want to be 
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𝑐! per level.
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My value for 𝑗
levels of service 

of agent 𝑖 is 
𝑣!(𝑗).

Question (this work): What hiring scheme should the 
auctioneer implement and how much should he pay
(keeping in mind his budget 𝐵)?

Formally:

An auctioneer with a budget 𝐵 and a set of agents 𝑁 =
{1,… , 𝑛} with 𝑘 levels of service.

For each 𝑖 ∈ Ν, a private cost parameter 𝑐! ≥ 0.

Bidders can be hired for some levels of service (e.g., we 
can think of a service having premium versions).

A mechanism 𝑀 = (𝒙, 𝒑) consists of:
1. An allocation algorithm that takes as input a vector 
𝐜 = 𝑐! !∈# of costs and outputs an allocation 𝐱 𝒄 ∈
0,… , 𝑘 $.

2. A payment rule that determines the payments 𝒑 𝒄 ∈
ℝ%&$ of the auctioneer.

• For each 𝑖 ∈ 𝑁, there is a non-decreasing concave
value function 𝑣!: 0,1, … , 𝑘 ↦ ℝ%&.

• The total value of the auctioneer is 𝑉 𝒙 𝒄 :=
∑!'($ 𝑣!(𝑥! 𝒄 ).

• For each 𝑖 ∈ 𝑁 we assume that 𝑐!𝑘 ≤ 𝐵 (each bidder can 
be hired entirely on their own).
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𝑐!𝑥! ≤ 𝐵

The non-strategic optimal solution 𝑂𝑃𝑇#$ (𝒄): 

α-approximate mechanism:
for every profile 𝒄 it holds 
that

𝑂𝑃𝑇/- 𝒄 ≤ 𝛼𝑉 𝒙 𝒄 .

This is called 
Bounded 

Knapsack!

Design Objectives for 𝑀 = (𝒙, 𝒑)

Budget-feasibility: A payment rule should 
satisfy that ∀𝒄

∑!'($ 𝑝!(𝒄) ≤ 𝐵.

Individual Rationality: Bidders should be 
incentivized to participate, i.e., ∀𝒄 and all 
𝑖 ∈ 𝑁

𝑝! 𝒄 ≥ 𝑥! 𝒄 𝑐!.

Truthfulness: Bidders have no incentives 
to lie about their costs.

Primary Goal of the Auctioneer: Find an 𝛼-
approximate mechanism for the 
smallest 𝛼 possible.

Truthful Mechanism Design for Single-parameter Domains

Definition: An allocation algorithm 𝒙 is monotone if for every profile 𝒄, every bidder 𝑖 ∈ 𝑁 
and every 𝑐!0 ≤ 𝑐! it holds that 𝑥! 𝑐!0, 𝒄1! ≥ 𝑥! 𝒄 .

Myerson’s Characterization: In a single parameter domain, a mechanism 𝑀 = (𝒙, 𝒑) is 
truthful and individually rational if and only if

1) 𝒙 is monotone

2) 𝑝! 𝒄 = 𝑐!𝑥! 𝒄 + ∫2"
3 𝑥! 𝑦, 𝒄1! 𝑑𝑦 , ∀𝑖 ∈ 𝑁.

A Mechanism for Multiple Levels of Service

Input:  A profile 𝒄 and parameters 𝛼, 𝛽.

1. Let 𝑖∗ = 𝑎𝑟𝑔𝑚𝑎𝑥!∈#
5" -

678#
$ 𝒄%"

.

2. If v!∗ 𝑘 ≥ 𝛽𝑂𝑃𝑇:- 𝒄1!∗ , then set 𝑥!∗ = 𝑘 and 𝑥! = 0 for all 𝑖 ≠ 𝑖∗.
3. Else:

1. Solve 𝑂𝑃𝑇:-(𝒄) and call its allocation 𝒙∗ -> A list of decreasing marginal rates of the 
form (marginal value)/cost.

2. Initialize 𝒙 to be the integral part of 𝒙∗.
3. Keep removing the last element from the list and decrementing 𝒙 until
∑!'($ 𝑣! 𝑥! ≥ 𝛼𝑂𝑃𝑇:-(𝒄) holds minimally.

4. Return x and set 𝐩 𝒄 according to Myerson.

𝑂𝑃𝑇'( (𝒄) is the fractional relaxation of 𝑂𝑃𝑇)( (𝒄).
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A separation result!


